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ABSTRACT. In this paper we generalise a result of Sun [7] to n-th iterations of k-entire 


functions. 


1. INTRODUCTION AND NOTATION 


For two entire functions f (z) and g (z) Lahiri and Banerjee [5] form the following itera- 
tions. 


Let 
fil) = Fl) 
ha) = f (2)) =f lm (2) 
BE) = fuU (2) =f (hi) 
İn(2) = f(g(f (g... (f (z) or g(z) according as n is odd or even) ...))) 

= f (9n—1 (z)) =f (g (fn—2 (z))) 
and so are 
gız) = giz) 


g(2) = af) =g) 
g3(z) = glfe(z))=9 


Gn (2) = 9(fn-1(2)) = 9 (F (Gn-2 (2))) 
Keywords: entire function, growth, iteration. 
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Clearly all fn (2) and gn (2) are entire functions. 


Notation 1.1. Let f (z) and g (z) be entire functions. Banerjee and Dutta [1] used the nota- 
tions My, (r), My, (r), My, (r) etc., to mean M (r, f), M (M (r, f), 9), M(M (M (r, f), 9), f) 
etc., respectively and F (r) = O* (G (r)) to mean that there exist two positive constants Kı 


and Kə such that Kı < He < Kə for any r big enough. 





In 2003, Sun [7] proved the following theorem. 


Theorem 1.2. Let fi, fo, and gı, g2 be four transcendental entire functions with T (r, fı) = 
O* (log r)” e08") and T (r, g1) = O* ((lozr)”) . 
IfT (r, fi) ~T (r, f2) and T (r, gı) ~T (r, g2) (r S% oo), then 


T(r, filgi)) ~ T(r, fa(g2)) (r >œ, r€ E), 
wherev >0,0<a<1,68>1 andap <1 and E is a set of finite logarithmic measure. 


In 2011, Banerjee and Dutta [1] extend Theorem 1.2 for iterated entire functions in the 
following manner. 


Theorem 1.3. Let f, g and u, v be four transcendental entire functions with T (r, f) ~ 
T(r,u), T(r,g) ~T (r,v), T(r, f) = Or (log r)” eos”) (0<a<1,v>0) andT(r,g) = 
O* ((ogr)”) where 8 > 1 is a constant, then T (r, fn) ~T (r, Un) for n > 2, where un (z) = 


u (v (u (v... (u (z) or v(z))...))) according as n is odd or even. 


Theorem 1.4. Let f, g and u, v be four transcendental entire functions with T (r, f) ~ 
Pou) T(r,g9) ~ T(r,v), ae) = O* ((logr)”) and T (r,g) = O* ((logr)”) where 
B>1 is a constant, then T (r, fn) ~T (r, un). 


In [6], Niino and Suita proved the following theorem. 
Theorem 1.5. Let f(z) and g(z) be entire functions. If M (r,g) > E |g (0)| for any 


e > 0, then we have 


T(r,fi@))<U+e)T(M(r,9),f). 
In particular if g (0) = 0, then 


T(r, f (g)) <T (M (7,9), f) for allr > 0. 
As a generalisation of Theorem 1.5, Banerjee and Dutta [1] proved the following. 


Theorem 1.6. Let f(2), g(z) be two entire functions. Then we have 


T (R2, f) <T (r, fa) < T (R3, f) 
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where |f (z)| > Ri > # |f(0)| and |g(z)| > Re > + |g(0)|, Rs = max{My,_, (r), 


M, (r)) for sufficiently large values ofr and any integer n > 2. 


Jn-1 


After this in [2], Banerjee and Mandal considered three entire functions f (2), g (z) and 
h(z) and formed the iterations of f (z) with respect to g (z) and h (z) as follows. 


or 3m)...))) 
= f (gn-1 (2)) = f(g (hn-2 (2))) 
And 
glz) = giz) 
g2 (z2) = g(h(2)) = g (ħ (2)) 
gs (2) = g(h (f (2))) = g (h (fı (2))) = g (he (2)) 
ga (z) = gh fa) = g (h (fa (2))) = g (hs (2)) 


= g(hn—1 (2)) = g (h (fn-2 (2))) 
Similarly, 
hı (2) = h (2) 
h(2) = A(f(z)) =h (fi (2) 
ha (2) = h(f (g (2))) = Rh (f (g1 (2))) = h fa (2) 
ha (2) = h(f (g (h (2)))) = h (F (92 (2))) = h (Fs (2)) 
hn (z) = h(f(g(h...(h(z) or f(z) or g (z) according as n = 3m — 2 or 3m — 1 
or 3m)...)) 
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Clearly fn, gn and hn are all entire functions. 


Notation 1.7. For three entire functions f (z), g (z) and h (z) Banerjee and Ghosh |3] used 
the notations My, (r), My (r), My, (r), My, (r) etc., to mean M (r, f), M (M (r, f),h), 
M(M (M (r, f), h),g9g), M(M(M (M (r, f), h), g), f) etc., respectively. Similarly M, (r), 
Mg, (r) , Ma, (r), Mg, (r) etc., to mean M (r, 9), M (M (r, g) , f) , M(M (M (r, g) sil h) , 
M(M(M (M (r,g), f), h),g) etc., respectively and Mp, (r), Mrs (r), Mp, (r), Mp, (r) etc., 
to mean M (r,h), M (M (r,h),g), M(M (M (r, h), 9), f), M(M (M (M (r, h), 9), f), h) etc., 
respectively. Also F (r) = O* (G (r)) to mean that there exist two positive constants Kı and 
Kə such that Kı < a < Kə for any r big enough. 

Considering such type of iterations in a recent paper [3], Banerjee and Ghosh extended 
the result of Banerjee and Dutta [1] in this direction. 
Theorem 1.8. Let f (z), g (z) and h (z) be three entire functions. Then we have 


T (R2, f) < T (r, fa) < T (Ra, F) 


where |f (z)| > Ri > # |f (0)|, |g (z)| > Re > # |g (0)1, I (2)| > Ra > EŞ (0)| and 
Ry = max{ Ms, (r), M,, (r), M,,, , (r)} for sufficiently large values of r and any integer 
n>3. 


Theorem 1.9. Let f, g, h; u, v, w be siz transcendental entire functions with T (r, f) ~ T (r,u), 
T (r,g) ~T (r,v), T (r,h) ~T (r,w),T (r, f) = O* ((logr)” elloer)* |) (0<a<1u>0) (ig) = 
O* (dog r)) where 8 > 1 is a constant and T (r, h) = O* ((log rh) where A > 1 is a constant. 
Then T (r, fa) ~ Tuş) for n > 3 , where un (z) = u (v (w (u... (u (z) ora) or w (z)...)))) 
according as n = 3m — 2 or 3m — 1 or 3m, MEN. 


Theorem 1.10. Let f, g, h; u, v, w be six transcendental entire functions with T (r, f) ~T (r,u), 
Tg) ~ T(r,v), Th) ~ T(r,w),T(r,f) = O ((logr)’), T(r,9) = O* (dogr)f) and 
T (r, h) = O* ((log r)f) where 3 > 1 is a constant. Then T (r, fn) ~T (r, un) forn 23, 

where un (2) = u (v (w (u... (u (z) orv (z) or w(z)...)))) according as n = 3m — 2 or 3m — 1 or 
3m, m E N. 


At the present paper we consider k entire functions fı (2), fo(z), f5(2)...., fk (z) and 
following the iteration process of Banerjee and Ghosh [4] (defined below) generalise the result 
of Sun [7]. 
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Let 
Fi(z) = fil) 
Fy (z) = file) =f (Fi (2) 
F3(z) = fi (fe O = fi (fe (FP) = Ae) 
Fy (z) = fi (fo (fe (2))) = ft (Fea (2) = fi (f2 (Fea (2))) 
= leş E 
Fa (2) = filfo(fs-(fi (2) or fo (z) or..or fk(2) according 
asn = km—(k-—1) or km -— (k — 2) or ...or km)...)) 
= fi (Fe (z)) 
= helis) 
= fi (f2 (e Pra Fran) (2))))) 
Similarly, 


Ee) = folh lefi A EO) e pır eH. 
= hk @))) 


F?(z) = fo(fa(fa.-.(fo(z) or fs (z) or ...or fk(2) or fı (2) according 
asn = km- (k-— 1) or km — (k — 2) or ...or (km -— 1) or km)...)) 
= fh (E i (2)) 
= fo (fs (Fis ()) 


= fa (fa (e (Fe (Fray (2)))))- 
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And 
FY (z) = fe (2) 
F(z) = fe(fi(z)) = fe (Fi (2) 
F§(z) = fe(fi(fo(2))) = fe (i (Fi (2) = fe (2) 
FE(z) = fe (fi (--fe-2 (fe-1 (2)))) = 
= İk (fı (...fr-2 Gee (z)))) 
F(z) = filfi(fo-(fe(2) or fi (2) or or fe- (2) according 
asn = km—(k—I)orkm—(k—2)or..orkm)...)) 
= İk (Pii (z)) 
= fr (fi (Fea (2))) 
= Klee) 
Clearly all Fİ, F?,..., FE are entire functions. 


Notation 1.11. Let fi (z), f2(2),..., fr (z) be entire functions. We use the notations My: (r), 
Mr (r (r ), Mrı (r (r tee Mp (r) etc., to mean M (r, Fis M (M (r, fi) sfr) , M(M (M (r, fı) , fr), fk-1), 


Mi (M (M (M (r, Be) , fk-1), ++); f2) etc., respectively. Similarly we use the notations Mez (r), 

Mez (r), Mez (r),-.-, Mp2 (r) etc., to mean M (r, f2), M (M (r, fo), fi), M(M (M (r, fo), fi), fk), 

ig MM. (M (M (r, fo), fi), fe) ,---), f3) etc., respectively and proceding in this way we use the 

notations oe r), Mpg (r), Mre (r r), Mpp (r) etc., to mean M (r, fk), M (M (r, fk), fk-1), 

M(M (M (r, fk), fk-1); fk-2) > 
M (...(M (M (M (r, fk), fea) ENE, etc., respectively and F (r) = O* (G (r)) to mean 


that there exist two positive constants Kı and Kə such that Kı < a < Kə for any r big enough. 





2. LEMMAS 


Lemma 2.1. [6] Let g (z) and f (z) be two entire functions. Suppose that |g (z)| > R > |g (0)| 
on the circumference {|z| =r} for some r > 0. Then we have 
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Lemma 2.2. |7] Let f be a transcendental entire function with 


T(r, f) =O (dogr) eer) (0<a<18>0). 


Then 


T(r,f) ~ log M (r, f) (r>oo,r€ E) and 
T(t. fy) ~ T(r,f) (r => œ,0 > 2,r ¢ E), 


where E is a set of finite logarithmic measure. 


Lemma 2.3. [1] Let f be a transcendental entire function with T (r, f) = O* ((lozr)”) 
where 6 > 1. Then 


T(r, f) ~ log M (r, f) (r>oo,r€ E) and 
T(or,f) ~ T(r,f) (r => œ,0 > 2,r ¢ E), 


where E is a set of finite logarithmic measure. 


Lemma 2.4. [1] Let fı and fz be two entire functions with T (r, fı) = O* ((log r)” e08") 
where v >1,0 <a <1 andT (r, fi) ~T (r, fo) then M (r, fi) ~ M (r, fo). 


Lemma 2.5. [1] Let fı and fz be two entire functions with T (r, fi) = O* (dog ry’) where 
B>I1andT(r, fi) ~T (r, f2) then M (r, fi) ~ M (r, f2). 


3. MAIN RESULTS 


Theorem 3.1. Let fi, fo,..., fk be k entire functions. Then we have 
(3.1) T (Ro, f1) <T (r, F}) < T (Rip, fa) 


where |fi(z)| > Ri > Œ |f: (0)| i = 1,2, ...,k and 
Rp41 = max (Mes |, (r), Ml Gesi; Mpr-1 (r), Mer, (r)} for sufficiently large val- 
ues ofr and any integer n > k. 
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Proof. We first prove the 2nd inequality. By Theorem 1.5 and for e > 0 arbitrary small we 
have when n = km, m € N 


T (r, F}) = T (r, ie) 
< (l+e)T(M (r, fe), Fa) 
= (1+e)T (Mr (r), Fi-a (fe)) 
< (1+6)? T (Mr (r), Fis (fe-2)) 
< (GeT (Mr (r), Fl-a (fi-s)) 





= (1+6) T (Mr (r), Fla) 
< (1+6) T (Mex, (r), f) 
soie Rd 





When n = km- 1,m EN 


ÇE) = EE ea) 

e Cle) a) 
+e)T (Mp (r) Fas (e) 
< ae (My (r), Fas (fx-s)) 
< (TT (Mpg: Ga (fx4)) 


= (1+e)*T (Meşin) EZ) 


IA 





lA 
gen 


en ip (Mpe (r) š fı) 
+E)" T (Ren, fi). 





IA 
gen 
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Similarly for n = km — (k — 1) 





Wee) = Pe Pea hy) 
< (1+E)T (M (r, fı), Fi) 
= (1+2)T (Mp (r), Fa (fe) 
< (1+6)? T (Mr (r), Fis (fe-s)) 
< GeT (Mr (r), Fia (fe-2)) 
= (1+e)“T (Mr (r), Fia) 
< +e 7 (Mma, (7), A) 
LEY E (Riri 





Therefore T (r, F!) < (1+¢)"' T (Resi, fı) for any integer n > k. 
Since e > 0 is arbitrary, for sufficiently large values of r we have 


(3.2) 


T (r, F}) 


<T (Re, fi). 


We now prove the 1st inequality by using Lemma 2.1. 
When n = km, m € N 


T (r, F}) 


IV 


7S 


IV 


A 


T (r, (ee (fx)) 
Rx — | fr (0)| 
Rx + | fx (0)| 
(De) Tigo See 
Ri — | fe (0) 
Rg- + | fı (0) 
(1— £) T (Ria, F}_2) 
(1—8)? T (Ry-2, Fis) 


(1 —e) 








Le el (R3, fi (f2)) 
ee le T (Ra, fı). 


T (Rr, F 


1)) since Rg > 


x 


2+ 
E 


= | f (0) | > 





Ticks) 


2 — 


E 


= | fe (0) | 
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When n = km — 1 


T(r Fa) = P ae) 
Re-1 — | fr- (0)| 
Rui + | faa (0)| 
Ser (yaks) 
Rp—2 — | fr-2 (0 
ee) Hg f D 
> (1—e€)°T (Rk-2, F}_2) 
> (1—e)°T (Ry-s, Fi_s) 


IV 





T (R1, F3) 


IV 





T (Re, Ep 5) 


> (l—«)" 7T (Rs, fi (f2)) 
> (l-e)""T (Ra, fi). 


Similarly for n = km — (k — 1) 


T (r, Fp) = Ae a) 

—|fi (0)| 

+ |f (0)| 

s (lee) Phil oe) 
Rp — |fe (0 

= vaz 
> (l-e)’T (Ry, Flo) 

> (L-e)°T (Ren, Fis) 


> D (Risk 4) 


RESİ 


IV 
— 
— 

| 
— 


T (Rs, fi (fs) 
> (l—e)""T (Re, fi). 
So 
T (r, Ft) > 1-6)" *T (Ro, fi). 
Since e > 0 is arbitrary, we have for sufficiently large values of r 
(3.3) TE) 2 T (Ro, fi): 
Hence from (3.2) and (3.3), we have (3.1). 
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This proves the theorem. 





Theorem 3.2. Let fi, fo,..., fk and u1, uz, ... up be 2k transcendental entire functions with 
T(r, fi) ~ Tru), § = 125k, Tf) = O* ((logr)” ets") (0 <6, <1,v>1) 
and T (r, fi) = O* ((logr)”) , i = 2,3,...,k, where each 8, > 1 is a constant. Also let 
Fy > 2R,l 1,2, 3,8 fore) > Ri > (O) ay lu; (2| > R; > 
2e Ju; (0)|, j = 1,2, ..., k. Then T (r, F}) ~ T (r, Ug) forn > k where U} (2) = ui (uz(u3(...(u1 (2) 


or Ug (Z) or...or u(2)...)))) according as n = km — 1 or km — (k — 2) or ...or km, m € N. 


Proof. We have from Theorem 3.1 


Teli < T (r, F, We T (Ress, fi) (3.4) 
and “TOR m) << Ty Uy <P (Rasta) (3.5) 
where Ry41 = max {Mp , (r), Mez (r), Mek NO) and 
Ri, çı = max {Mo , (r) , Mu2_, (r), Mur (r )} for aoe large values of r. Also by 
Lemma 2.2, 
T (Ro, fi) ~ T (Ry, fi). 
Since 
T (Rz, fa) ~ T (Rz, U1) SO 
(3.6) T (Ra, fi) ~T (R3, u1) (Rə — 09, Ra ¢ E) 


where E is a set of finite logarithmic measure. 
Using Lemma 2.4, we have 


M (r, fi) ~ M (r, u). 
Also using Lemma 2.5 we have 
M (M (r, fi), fr) ~ M (M (r, u1), ur) (r — œœ). 


Similarly M (M (M (r, fi) , İk) , tei) ~M (M (M (r, U1) , Uk) ,Uk—1) (r — co) : 
So for n = km — (k — 1), m € N we have 


(3.7) Mr ()sMy (r) (r> oœ). 
Similarly for n = km — (k — 2) , m € N we have 
(3.8) Mr (r)~ My2 (r) (r= œœ). 


And for n = km, m € N we have 
(3.9) Mes (r) ~ Mys (r) (r> œ). 
From (3.7), (3.8) and (3.9) and for n > k, n € N we obtain R41 ~ Rp41 for large r. 
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Since T (r, fı) ~ T(r, u1) so we have 
(3.10) T (Resi, fi) TR yua) 
So from (3.4), (3.5), (3.6) and (3.10) we get 
T (r, F}) ~T (r, U3). 











This completes the proof. 





Theorem 3.3. Let fi, fo,..., fk and uy, Uz, ..., Uk be 2k transcendental entire functions with 
T(r, fi) ~ T(r, u;i), i = 1,2,...,k, T (r, fi) = O* (ogr)®), i = 1,2,3,...,k, where each 
B; > lisa constant. Also let R} > 2Ri,1 = 1,2,...,k for |fi(z)| > Ri > % |fi(0)|, 
1 TDi aug hey tig Cz) | > Be > ee |g (0) | sp h ThenT (ekle Up) form > k 
where U} (2) = uş(uz(uz(...(u (2) or uz (2) or...or up (z)...)))) according as n = km — 1 or 
km — (k — 2) or ...or km, m EN. 


Proof. Under the given hypothesis here also we obtain the same inequalities (3.4) and (3.5) 
of Theorem 3.2 
Also by Lemma 2.3, 
T (Ra, fi) ~ T (Rz, ji) 
Since 
T (Ry, fi) ~T (Ro, ur) SO 
(3.11) T (Ra, fi) ~T (Rj, u1) (Rə — 09, Ro ¢ E) 
where F is a set of finite logarithmic measure. 
Now using Lemma 2.5, we have 
M (r, fi) ~ Mr). 
So 
M (M (r, fı), fr) ~ M (M (r, u1), ur) (r = œœ). 
Similarly M (M (M (r, fi), fk), fr-1) ~ M (M (M rin) uk) ux-1) (r> œ). 
So for n = km — (k — 1), m € N we have 


(3.12) Mp: (r) ~ My: (r) (r> œ). 


n—1 n 


Similarly for n = km — (k — 2) , m € N we have 


(3.13) Mp2 (r) (r> oœ). 


And for n = km, m € N we have 


(3.14) Mpk (r) (roo). 
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From (3.12), (3.13) and (3.14) and for n > k, n € N we obtain Ry41 ~ Rp41 for large r. 


Since T (r, fı) ~ T(r, u1) so we have 
(3.15) T (Resi fi) ~ T (Rigg ta) - 
So from (3.4), (3.5), (3.11) and (3.15) we get 
T (r, F}) ~T (r, U3). 











This completes the proof. 





Note 3.4. The conditions of Theorem 8.8 are not strictly sharp. Which are illustrated by 


the following example. 


Example 3.5. Let fı (2) e falz) = 22, fs (z) = 3z, fala) = 4z, ..., fk (z) = kz and 
u (2) = 2e7, us (z) = 4z, ug (z) = 6z, u4 (z2) = 82, ..., Up (2) = 2kz. Here 


P= A fe 








= ek 
and 
Uk (2) = ty (uz (us (-.. (ux (2))))) 
= Uy (Us (us (... (2kz)))) 
= Ul (OP blz) 
= Der Ale, 
Also 
Tef) = =, Tm) >> ilg? 
T(r, fo) = logr+log2, T (r,u2)=logr + log 4 
T (r, fs) = logr+log3, T (r,u3)=logr + log6 
T(r, fe) = logr+logk, T(r,ug) = logr + log 2k. 
Therefore 
T (r, fe) ~ T(r, ux) for each k as r > on. 
i r i r 
But since T (r, F) m and T (r, Ux) = Seki + log 2, 
s0 


T (r, Fy) œ% T (r, U;) as r — oo. 
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Therefore T (r, F}) ~ T(r, U}) does not hold for n = k. Here f;(z) and u;(z) fori #1 
are not transcendental and also T (r, f1) # O* ((logr)’) where 8 > 1 is a constant. 
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